Introduction and preliminaries {#Sec1}
==============================

Mathematical models are very powerful and important parts of the mathematical analysis with numerous applications to real world problems. Several problems that appear in applied mathematics, physical sciences, geology, mechanics, engineering, economics, and biology generate mathematical models interpreted by functional equations, integral equations, matrix equations, and differential equations *etc.* There are multifarious and advanced methods, focusing on the existence of unique solutions to these models. To handle the existence of unique solution to such equations, one of these methods is the fixed point method; for example, refer to \[[@CR1]--[@CR4]\]. In metric fixed point theory the first remarkable result was given by Banach, usually known as the Banach contraction principle. This principle is a prominent tool for solving problems in non-linear analysis. Several mathematicians improved and extended this principle by modifying the interpretation and pattern of the metric function for instance: cone metric spaces \[[@CR5]\], *G*-metric spaces \[[@CR6]\], partial metric spaces \[[@CR7]\] and fuzzy metric spaces \[[@CR8]\] *etc.* After the proper introduction of cone metric space by Huang and Zhong \[[@CR5]\], there was a drawback that fixed point results under rational type contractions are unsubstantial in a cone metric space as it is a vector-valued metric. Azam *et al.* \[[@CR9]\] offered the conception of a complex-valued metric space for finding the fixed point results satisfying rational type contractive conditions.

Definition 1.1 {#FPar1}
--------------
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                \begin{document}$c_{1},c_{2},c_{3}\in Y$\end{document}$. The set *Y* together with *d* is called a complex-valued metric space.

In this setting, Azam *et al.* \[[@CR9]\] generalized the Banach contraction principle for two self-maps under rational type contraction. Inspired by the impact of a complex-valued metric space, several authors \[[@CR4], [@CR9]--[@CR12]\] proceeded with the investigation of common fixed point results.

Many mathematicians applied fixed point methods to the existence of unique solutions to non-linear integral equations, for example, refer to \[[@CR3], [@CR4], [@CR9], [@CR13]--[@CR16]\]. Particularly, Sintunavarat *et al.* \[[@CR4]\] and Rashwan and Saleh \[[@CR17]\] established fixed point results to find the existence of a unique common solution to a system of Urysohn integral equations. On the other hand, Pathak *et al.* \[[@CR18]\] and Rashwan and Saleh \[[@CR17]\] studied the existence of unique common solution to the system of Volterra-Hammerstein non-linear integral equations.
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Sarwar and Bahadur Zada \[[@CR12]\] established the following common fixed point results.

Theorem 1.3 {#FPar3}
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The aim of this manuscript is to study the existence of unique common solution for the systems of: Urysohn integral equations in complex-valued metric spaces,Volterra-Hammerstein integral equations in ordinary metric spaces.

Existence of unique common solution to the systems of Urysohn integral equations {#Sec2}
================================================================================

Our plan is to apply Theorem [1.3](#FPar3){ref-type="sec"} to the existence of a unique common solution to the following system: $$\documentclass[12pt]{minimal}
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Assume that the following conditions hold: (C~1~)for $\documentclass[12pt]{minimal}
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Define six operators $\documentclass[12pt]{minimal}
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Now, we are in a position to formulate the existence results.

Theorem 2.1 {#FPar5}
-----------

*Under the assumptions* (C~1~)-(C~4~) *if* *there exist two sequences* $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \Upsilon_{1} =\bigl\Vert \Omega_{1}u(s)- \Omega_{2}v(s)+\phi_{1}(s)-\phi _{2}(s)\bigr\Vert _{\infty}\sqrt{1+a^{2}}e^{\dot{\iota}\arctan{a}}, \\& \Upsilon_{2} =\bigl\Vert 2u(s)-\Omega_{3}u(s)- \Omega_{1}u(s)-\phi_{1}(s)-\phi _{3}(s)\bigr\Vert _{\infty}\sqrt{1+a^{2}}e^{\dot{\iota}\arctan{a}}, \\& \Upsilon_{3} =\bigl\Vert 2u(s)-\Omega_{6}u(s)- \Omega_{1}u(s)-\phi _{1}(s)-\phi_{6}(s)\bigr\Vert _{\infty}\sqrt{1+a^{2}}e^{\dot{\iota}\arctan{a}}, \\& \Upsilon_{4} =\bigl\Vert 2u(s)-\Omega_{3}u(s)- \Omega_{2}v(s)-\phi _{2}(s)-\phi_{3}(s)\bigr\Vert _{\infty}\sqrt{1+a^{2}}e^{\dot{\iota}\arctan{a}}, \\& \Upsilon_{5} =\bigl\Vert 2u(s)-\Omega_{6}u(s)- \Omega_{2}v(s)-\phi _{2}(s)-\phi_{6}(s)\bigr\Vert _{\infty}\sqrt{1+a^{2}}e^{\dot{\iota}\arctan{a}}, \\& \Upsilon_{6} =\bigl\Vert 2v(s)-\Omega_{4}v(s)- \Omega_{2}v(s)-\phi _{2}(s)-\phi_{4}(s)\bigr\Vert _{\infty}\sqrt{1+a^{2}}e^{\dot{\iota}\arctan{a}}, \\& \Upsilon_{7} =\bigl\Vert 2v(s)-\Omega_{5}v(s)- \Omega_{2}v(s)-\phi _{2}(s)-\phi_{5}(s)\bigr\Vert _{\infty}\sqrt{1+a^{2}}e^{\dot{\iota}\arctan{a}}, \\& \Upsilon_{8} =\bigl\Vert 2v(s)-\Omega_{4}v(s)- \Omega_{1}u(s)-\phi _{1}(s)-\phi_{4}(s)\bigr\Vert _{\infty}\sqrt{1+a^{2}}e^{\dot{\iota}\arctan{a}}, \\& \Upsilon_{9} =\bigl\Vert 2v(s)-\Omega_{5}v(s)- \Omega_{1}u(s)-\phi _{1}(s)-\phi_{5}(s)\bigr\Vert _{\infty}\sqrt{1+a^{2}}e^{\dot{\iota}\arctan{a}}; \end{aligned}$$ \end{document}$$$\documentclass[12pt]{minimal}
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*Then the system* ([2.1](#Equ1){ref-type=""}) *of Urysohn integral equations has a unique common solution*.

Proof {#FPar6}
-----

Notice that the system ([2.1](#Equ1){ref-type=""}) of Urysohn integral equations has a unique common solution if and only if the system ([2.2](#Equ2){ref-type=""}) of operators has a unique common fixed point.
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                \begin{document}$$ \left\{ \begin{aligned} &d(f_{1}u,f_{2}v) =\max_{s\in(a,b)}\bigl\Vert \Omega _{1}u(s)- \Omega_{2}v(s)+\phi_{1}(s)-\phi_{2}(s)\bigr\Vert _{\infty}\sqrt {1+a^{2}}e^{\dot{\iota}\arctan{a}}, \\ &d(f_{3}u,f_{1}u) =\max_{s\in(a,b)}\bigl\Vert 2u(s)-\Omega _{3}u(s)-\Omega_{1}u(s)- \phi_{1}(s)-\phi_{3}(s)\bigr\Vert _{\infty}\sqrt {1+a^{2}}e^{\dot{\iota}\arctan{a}}, \\ &d(f_{6}u,f_{1}u) =\max_{s\in(a,b)}\bigl\Vert 2u(s)-\Omega _{6}u(s)-\Omega_{1}u(s)- \phi_{1}(s)-\phi_{6}(s)\bigr\Vert _{\infty}\sqrt {1+a^{2}}e^{\dot{\iota}\arctan{a}}, \\ &d(f_{3}u,f_{2}v) =\max_{s\in(a,b)}\bigl\Vert 2u(s)-\Omega _{3}u(s)-\Omega_{2}v(s)- \phi_{2}(s)-\phi_{3}(s)\bigr\Vert _{\infty}\sqrt {1+a^{2}}e^{\dot{\iota}\arctan{a}}, \\ &d(f_{6}u,f_{2}v) =\max_{s\in(a,b)}\bigl\Vert 2u(s)-\Omega _{6}u(s)-\Omega_{2}v(s)- \phi_{2}(s)-\phi_{6}(s)\bigr\Vert _{\infty}\sqrt {1+a^{2}}e^{\dot{\iota}\arctan{a}}, \\ &d(f_{4}v,f_{2}v) =\max_{s\in(a,b)}\bigl\Vert 2v(s)-\Omega _{4}v(s)-\Omega_{2}v(s)- \phi_{2}(s)-\phi_{4}(s)\bigr\Vert _{\infty}\sqrt {1+a^{2}}e^{\dot{\iota}\arctan{a}}, \\ &d(f_{5}v,f_{2}v) =\max_{s\in(a,b)}\bigl\Vert 2v(s)-\Omega _{5}v(s)-\Omega_{2}v(s)- \phi_{2}(s)-\phi_{5}(s)\bigr\Vert _{\infty}\sqrt {1+a^{2}}e^{\dot{\iota}\arctan{a}}, \\ &d(f_{4}v,f_{1}u) =\max_{s\in(a,b)}\bigl\Vert 2v(s)-\Omega _{4}v(s)-\Omega_{1}u(s)- \phi_{1}(s)-\phi_{4}(s)\bigr\Vert _{\infty}\sqrt {1+a^{2}}e^{\dot{\iota}\arctan{a}}, \\ &d(f_{5}v,f_{1}u) =\max_{s\in(a,b)}\bigl\Vert 2v(s)-\Omega _{5}v(s)-\Omega_{1}u(s)- \phi_{1}(s)-\phi_{5}(s)\bigr\Vert _{\infty}\sqrt {1+a^{2}}e^{\dot{\iota}\arctan{a}}. \end{aligned} \right\} $$\end{document}$$ From condition (2) of Theorem [2.1](#FPar5){ref-type="sec"}, we have $$\documentclass[12pt]{minimal}
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Existence of unique common solution to the systems of Volterra-Hammerstein integral equations {#Sec3}
=============================================================================================

In this section, we present the real-valued metric version of Theorem [1.3](#FPar3){ref-type="sec"} and Theorem [1.4](#FPar4){ref-type="sec"} and the proof can easily be obtained, so we omit its proof here.
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Corollary 3.2 {#FPar9}
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We apply the above results to study the existence of unique common solution to the following system ([3.1](#Equ7){ref-type=""}) of non-linear Volterra-Hammerstein integral equations.
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Now, we are in a position to formulate the existence results.
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Proof {#FPar11}
-----

Notice that the system of Volterra-Hammerstein non-linear integral equations ([3.1](#Equ7){ref-type=""}) has a unique common solution if and only if the system of operators ([3.2](#Equ8){ref-type=""}) has a unique common fixed point.
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In the next theorem we use the common $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(E.A)$\end{document}$-property.

Theorem 3.4 {#FPar12}
-----------
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Conclusions {#Sec4}
===========

In the current work, we studied the existence of unique common solution for the systems of Urysohn and Volterra-Hammerstein integral equations in incomplete spaces. Several problems that appear in applied mathematics, physical sciences, geology, mechanics, engineering, economics, and biology generate mathematical models described by integral equations.
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